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1 Objectives of the Fellowship

Our objectives are to study dynamics of chemically driven fingering instabilities in a porous
medium numerically. Particularly, we are interested in analyzing the properties of viscous and
precipitation fingering driven by a simple A + B → C type chemical reaction, and to compare
them with those of non-reactive fingering patterns. In order to achieve set goals of the fel-
lowship, we employ reaction-diffusion-convection (RDC) model consists of RDC equations for
concentrations of the reactants and the product coupled with the equations for balance of mass
and momentum.

Our research work is based on the observations from the experiments [14, 16, 18], theory [9,
22] and simulations [7, 13, 22], which show that the reaction can destabilize the classically stable
situation of a less mobile (e.g. more viscous) fluid displacing a more mobile (e.g less viscous) one.
It has been found that reactive viscous fingering occurs if the product has a viscosity either larger
or smaller than the viscosity of the reactants. Similarly, the precipitation fingering driven by a
precipitation reaction occurs if the product decreases the permeability of the porous medium. In
the reverse case, when the product increases the permeability, the resulting fingering is known as
dissolution fingering. A RDC model of similar problems [7, 13] is adapted to account gradients
in viscosity and permeability. Such reaction induced gradients in viscosity and permeability
are responsible for reactive fingering instability. In this context two types of problems can be
classified:

Precipitation fingering

Nagatsu et al. [14] have recently shown that a localized precipitation reaction, induced by a
simple A+B → C type reaction when a solution of A invades a solution of B with C being the
solid product, can trigger fingering in the zone where the more mobile solution of A displaces the
less mobile precipitate C. This precipitation-driven fingering is of interest due to its applications
in CO2 sequestration and mineralization [25, 26]. In the case of precipitation, the solid product
can barely diffuse, which is quite different from reactive viscous fingering (VF) in which the re-
actants A, B and the product C can have diffusion coefficients of the same order of magnitude.
The important question is whether this slow diffusivity of the precipitation product C impacts
the physical and statistical properties of precipitation patterns. In this context, the objective
of the present study is to investigate numerically the characteristics of precipitation-driven fin-
gering patterns numerically and to compare them with those of reactive VF patterns [7], and in
particular to investigate the influence of the fact that the precipitate does not diffuse much.

Viscous fingering

The experimental study of Nagatsu et al. [16] showed that at large injection rate, or Pe number
(ratio of the convective to diffusion transport rates), an instantaneous chemical reaction changes
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the viscosity of the solutions, and thereby leading to miscible VF when a less-viscous acidic (or
basic) solution, solution A, is injected radially into a more viscous polymeric solution, solution
B, in a Hele-Shaw cell. Depending on the reaction-induced increase or decrease of viscosity of
the displacing solution (solution B), two types of observations were made. In the former case
VF pattern was observed to be denser than that of non-reactive case whereas less-denser VF
pattern was reported in the latter case (viscosity decrease).

Recently, Nagatsu et al. [15] carried out new experiments focusing on the influence of injection
rate on viscosity increasing and decreasing systems. Interestingly, the opposite effects of the
reaction on the VF pattern have been observed at large and small Pe for both systems showing
viscosity increase and decrease by the reaction. When the reaction increases the viscosity of the
displacing solution, a less dense VF pattern is observed for low Pe and a denser one at high
Pe. In contrast, opposite effects are observed in the system where the reaction decreases the
viscosity of the displacing solution i.e. denser VF patterns at small Pe and less dense one at high
Pe. Later the same experiments have been carried out for wider range of Pe number in order
to confirm the validity of this opposite behavior of VF pattern as a function Pe. The opposite
behavior as a function of Pe is confirmed for the case of viscosity decreasing system, whereas the
viscosity increasing system ceases to show this behavior. In brief, experiments shows that in the
viscosity decreasing systems, the reactive VF can be controlled by the Pe number or injection
rate. Moreover when the viscosity decrease by the reaction is large enough, a stabilisation
of the reactive VF instability is obtained at small Pe. In this problem, our objectives are to
study this experimentally-observed stabilisation mechanism of reactive VF at low Pe number.
Specifically, we do the mathematical modelling of above experiment using RDC equations and
solve numerically.

2 Methodology in a nutshell

To analyse theoretically chemically-driven viscous and precipitation fingering, we followed fol-
lowing methodology.

• Developed theoretical reaction-diffusion-convection (RDC) models consist of RDC equa-
tions for concentrations of the reactants and the product coupled with the equations for
balance of mass and momentum (Darcy’s law).

• Developed pseudospectral based numerical codes for integrating the RDC models for both
the problems namely precipitation and reactive viscous fingering.

• Carried out parametric analysis. Mainly the effect of Pećlet number (Pe) in reactive VF,
and effect of diffusivity of the product in precipitation fingering problems.

• Compared simulations with experimental results obtained by Nagatsu et al. for reactive
VF [15, 16], and precipitation fingering [14].

3 Results

In the following we show the outcomes of our research on precipitation fingering and reactive
viscous fingering.

3.1 Precipitation fingering

As described above, the objective of this study is to investigate numerically the characteristics
of precipitation-driven fingering patterns numerically. In order to do so, the RDC model of
precipitation driven fingering [14] is modified to allow the diffusivity of the solid product to tend
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to zero. We show that this slow diffusivity of the precipitate has important consequences on the
fingering patterns including much earlier destabilization and smaller wavelength.

The Model: We consider a homogeneous two dimensional porous medium or a horizontal
thin Hele-Shaw cell, of length Lx and width Ly with initial permeability κ0. In this system, a
solution of reactant B in initial concentration b0 is sandwiched between solutions of reactant
A with concentration a0 (a0 ≤ b0). We assume that the viscosity µ and density ρ of the two
solutions are equal and constant. Such an initial configuration allows to study two cases—
namely, when A invades B and vice-versa—simultaneously in one single numerical simulation.
The initial positions of the left and right miscible interfaces, where A and B come into contact
and react, are xl and xr, respectively. The solutions are displaced from left to right at a constant
speed U such that the solution A displaces the solution B at x = xl while the solution A is being
displaced by the solution B at x = xr. A precipitation reaction of type A+B → C takes place
at the miscible interfaces producing a solid product C in the reactive zone around the initial
contact lines. This solid precipitate is present in the solution as small particles that can diffuse
in the solvent with a low diffusivity DC and be advected by the flow. Its concentration in the
solvent is denoted by c. We assume that the presence of the precipitate C does not change the
density ρ and the viscosity µ of the solvent, which are thus kept constant. Moreover, we assume
that the porosity φ remains roughly constant and that the solid phase changes only substantially
the permeability κ of the porous matrix.

We analyse here the fingering instability which arises due to changes in the permeability κ of
the porous medium by a precipitation reaction for a constant viscosity µ, density ρ and porosity
φ. Fingering develops locally in the zone where the reactant solution with reference permeability
κ0 (or mobility M0 = κ0/µ) pushes the solution of the precipitate C of lower permeability (or
lower mobility). The flow field, considered as incompressible (1), follows Darcy’s law (2) coupled
to the evolution equations for the concentrations (3)–(5) via the permeability κ = κ(c) (6) which
is a function of the local concentration c(x, y, t) of the product C. The resulting RDC model
reads [3, 4, 7–9, 13, 14]:

∇ · u = 0, (1)

∇p = − µ

κ(c)
u, (2)

∂a

∂t
+ u ·∇a = DA ∇2a− k a b, (3)

∂b

∂t
+ u ·∇b = DB ∇2b− k a b, (4)

∂c

∂t
+ u ·∇c = DC ∇2c+ k a b, (5)

where (a, DA), (b, DB), and (c, DC) denote the (concentration, diffusion coefficient) of species
A, B and C, respectively, p is the pressure, u = (u, v) is the two-dimensional velocity vector,
and k is the kinetic constant. By analogy with previous works on classical VF [17, 21–24, 27] or
studies of rock dissolution [2, 10, 20] and reactive VF [7–9, 13], the permeability of the system
is assumed to be a decreasing function of the product concentration as [14]

κ(c) = κ0e
−R (c/a0), (6)

where κ0 is the permeability when c = 0 i.e. in absence of any precipitate. Let κm = κ(a0) =
κ0e

−R be the permeability when c = a0. The parameter R = ln (M0/Mm) is then defined as the
log-mobility ratio where M0 = κ0/µ and Mm = κm/µ are the mobilities when c = 0 and c = a0,
respectively. The parameter R quantifies the influence of precipitation on permeability changes.
When R > 0, the precipitate C reduces the permeability of the porous matrix locally.

In the precipitation case, the product C barely moves i.e. DC is small. To take this specificity
into account, we use here the diffusivity DA of the reactant A as a reference scale for diffusivity.
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The reference scales for velocity, time, length, concentration, permeability, and pressure are
thus taken as U , DA/U

2, DA/U , a0, κ0, and µDA/κ0, respectively. For simplicity, we write
equations (1)–(6) in a reference frame moving with velocity U i.e. the flow direction x and flow
velocity u are transformed as x′ = x−Ut and u

′ = u−Uex, respectively, with ex being the unit
vector along the x direction. The dimensionless form of (1)–(6) in the moving frame becomes

∇ · u = 0, (7)

∇p = − 1

κ(c)
(u+ ex), (8)

∂a

∂t
+ u ·∇a = ∇2a−Da a b, (9)

∂b

∂t
+ u ·∇b = δb∇2b−Da a b, (10)

∂c

∂t
+ u ·∇c = δc∇2c+Da a b, (11)

κ(c) = e−R c, (12)

where Da = DAka0/U
2 is the dimensionless Damköhler number which quantifies the ratio of the

hydrodynamic time scale τh = DA/U
2 to the chemical time scale τc = 1/ka0, and δb = DB/DA

and δc = DC/DA are the diffusion coefficient ratios. Taking the curl of the momentum equation
(8) and introducing the stream function ψ as u = ∂ψ/∂y and v = −∂ψ/∂x, we get

∇2ψ = R(ψxcx + ψycy + cy), (13)

at + axψy − ayψx = ∇2a−Da a b, (14)

bt + bxψy − byψx = δb∇2b−Da a b, (15)

ct + cxψy − cyψx = δc∇2c+Da a b. (16)

The initial conditions for the stream function and product concentration are ψ(x, y) = 0 and
c(x, y) = 0, for all (x, y), respectively. For the initial condition of the concentrations, we use
two back to back step functions centered at the two locations xl and xr between A and B with
a random noise being introduced at xl and xr [7]:

[a(x, y), b(x, y)] =























[1, 0] for 0 ≤ x < xl,
[

1
2 (1 + ζr), 12(1− ζr)φ

]

for x = xl
[0, φ] for xl < x < xr
[

1
2 (1− ζr), 12(1 + ζr)φ

]

for x = xr
[0, 1] for xr < x < Pe′

(17)

for all 0 ≤ y < Pe, where φ = b0/a0 is the initial concentration ratio of solutions A and B, r is
a random number between 0 and 1, and ζ is an amplitude of order 10−2. The Péclet numbers
Pe′ = ULx/DA and Pe = ULy/DA represent the dimensionless length and width of the numerical
domain. The dynamics of reactive precipitation fingering depends on five parameters, namely, R,
Da, δb, δc and φ.To integrate equations (13)–(16) numerically, we use a pseudospectral numerical
scheme [1, 3–5, 7, 22] with periodic boundary conditions along both directions. The physical
domain Pe′×Pe is taken to be 256×64. In order to handle sharp jumps in the initial conditions
leading to Gibb’s phenomenon [22], we use a small spatial step dx = dy = 0.125 (i.e. 2048× 512
spectral modes) and time step dt = 0.0025.

Outcomes: In the symmetric case, for which the reactants A and B have the same initial
concentration (φ = 1) and diffusion coefficients (δb = 1), the concentrations of the product C
is shown in figure 1 for δc = 0.01, R = 2, and Da = 1. It is seen that, as time evolves, A
and B meet, react, and are transformed through the reaction to a solid precipitate C in the
reactive zone. This solid precipitate changes locally the permeability of the porous medium,
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Figure 1: Concentration of the product C for δc = 0.01, δb = 1, φ = 1, R = 2, and Da = 1, at t = 20,
40, 60, 80, and 100 (from left to right).

and, hence, the mobility of the solution. Consequently, a situation arises where locally a high
mobility solution of A invades a low mobility zone containing C which triggers the fingering
instability, as shown in figure 1.
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Figure 2: (a) Comparison of the concentrations of the product for decreasing values of δc at t = 80, 90,
100, and 110. (b) Temporal variation of the mixing length L for various values of δc = 0.01 (solid line),
0.05 (dashed line), 0.1 (dash-dotted), 0.15 (dotted), 0.2 (solid line with plus symbol). The inset shows
the variation of L with δc for two values of t = 10 and 20. The other parameters are the same as in
figure 1.

To see the effect of varying δc on the nonlinear fingering pattern, the concentrations of the
product are shown in figure 2(a) for δc = 0.1, 0.1, 0.05 and 0.01. The instability starts earlier
and the number of fingers increases with decreasing δc, i.e. the system becomes more unstable
as δc → 0. This is related to the fact that the unfavorable gradient dκ/dx becomes steeper when
δc → 0.We can next compute the mixing length L of the product C defined as the length of
the zone where a precipitate is present. Figure 2(b) shows the variation of this mixing length
with time for various values of δc. In the diffusive regime, the mixing length follows a square
root scaling with time i.e. L ∝ α

√
t where α depends on the diffusivity of the reactants and

product [6]. The inset shows that in the diffusive regime the mixing length depends on δc. In
the transition regime, the mixing length deviates from the diffusive

√
t scaling once the system

enters into the convective regime for which the mixing length varies linearly with time.

Conclusions: We have numerically studied the properties of precipitation-driven fingering
when a solution of a reactant A displaces a solution of B to produce a solid product C in the
miscible reactive zone. It has been found that decreasing DC destabilizes the system and that,
in this limit of DC → 0, the onset time of precipitation fingering is much faster than that of
reactive VF. This is the case when the ratio of the initial concentrations and the diffusivity
ratio of the reactants are equal to one (φ = 1, δb = 1). Failing any of these conditions, when
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φ 6= 1 or δb 6= 1 (we refer [19] for more detail), lead to asymmetric RD concentration profiles,
subsequently leading to different precipitation patterns whether A displaces B or the reverse.
Our results show that the system is more unstable with regard to precipitation fingering when
the invading solution is either more concentrated or contains the fastest diffusing reactant.

3.2 Reactive viscous fingering

In this problem, we investigate numerically the influence of changes in the injection flow rate
or equivalently the Péclet number, Pe, on the reactive viscous fingering instability. We analyse
fingering patterns for different values of Pe at moderate Damköhler number, Da. By analyzing
fingering patterns for viscosity-decreasing reactive systems at low and high Péclet numbers, we
show that the reaction shows stabilising and destabilising effects, respectively, with regard to
non-reactive systems.

The Model: Let us consider a homogeneous two-dimensional porous medium or Hele-shaw
cell of length Lx and width Ly with constant permeability κ = l2/12 where l (l << Lx, Ly) is
the gap between the plates. A miscible solution of reactant A in initial concentration a0 with
viscosity µA is injected into a solution of reactant B in initial concentration b0 with viscosity µB .
We assume that the initial concentrations and density of the two solutions are equal, further
the density is assumed to be constant. The initial position of the miscible interface, where the
two solutions come across and react, is x0. The solution B is displaced from left to right with
a constant speed U along the x-direction. A simple chemical reaction of type A+B → C takes
place, at the miscible interface between A and B, and gives the product C of viscosity µC in the
reactive zone around interface. Similar to the precipitation problem, we assume incompressible
and neutrally buoyant system satisfying following equations:

∇ · u = 0, (18)

∇p = −µ(a, b, c)
κ

u, (19)

∂a

∂t
+ u ·∇a = DA ∇2a− k a b, (20)

∂b

∂t
+ u ·∇b = DB ∇2b− k a b, (21)

∂c

∂t
+ u ·∇c = DC ∇2c+ k a b, (22)

where the symbols are the same as in equations (1)–(5).The viscosity of the solutions of reactants
A and B and product C is defined as µA, µB and µC , respectively, when only one species present
in concentration a0. We assume the viscosity as an exponential function of the concentrations
of A, B and C as

µ(a, b, c) = µAe
Rb (b/a0)+Rc(c/a0), (23)

where Rb and Rc are the log-mobility ratios and are defined as

Rb = ln

(

µB
µA

)

and Rc = ln

(

µC
µA

)

. (24)

For the non-reactive case or the case when the product C has the same viscosity as one of
the reactant (Rb = Rc), the system is genuinely believed to be unstable (stable) if the lower
(higher) viscosity solution displaces the higher (lower) viscosity solution i.e. µA < µB or Rb > 0
(µA > µB or Rb < 0).

For non-dimensionalization, the reference scales for velocity, length, time, concentration,
viscosity, diffusivity, and pressure are taken as U , Ly, Ly/U , a0, µA, DC , and µAULy/κ, re-
spectively, and for simplicity, equations are expressed in a frame moving with speed U by using
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transformation x→ x− Ut and u → u− Uex with ex being the unit vector along the x direc-
tion. If we take the curl of the momentum equation and define the stream function ψ(x, y) as
u = ∂ψ/∂y and v = −∂ψ/∂x, we get

∇2ψ = Rb(ψxbx + ψyby + by) +Rc(ψxcx + ψycy + cy), (25)

at + axψy − ayψx =
δa
Pe

∇2a−Da a b, (26)

bt + bxψy − byψx =
δb
Pe

∇2b−Da a b, (27)

ct + cxψy − cyψx =
1

Pe
∇2c+Da a b, (28)

µ(a, b, c) = eRb b+Rcc, (29)

where Da = Lyka0/U is the dimensionless Damköhler number and, δa = DA/DC and δb =
DB/DC are the diffusion coefficient ratios. The reaction rate R is defined as Daab. The initial
conditions are chosen as ψ(x, y) = 0 and c(x, y) = 0, for all (x, y), and step functions between
solutions A and B are used for the initial concentrations of A and B. The above set of equations
(25)–(29) are solved using pseudospectral numerical method. The computations are performed
using discrete Fourier transform library FFTW 3.3.4.

Outcomes: Figure 3 shows the concentrations, viscosity, and reaction rate for Da = 1,
Rb = 2 and Rc = −2 with two values of Péclet numbers: Pe = 100 and 1000. We see that at
Pe = 100, fingering between A and C decays in time as soon as the viscosity decreases in this
zone. On the other hand, fingering remains in the zone between the product C and the solution
B. Nevertheless, the fingering between C and B is stabilising eventually because of transverse
diffusion. It is seen that the viscosity quickly develops a minimum at the reactive zone and the
reaction rate is not advected along the transverse direction, see figure 3(d–e).

The second column of figure 3(f–j) show the reactive fingering at Pe = 1000. We know
that the non-reactive system is more unstable for large Pe [11], which remains true for reactive
system as well. As seen from figure 3(f–j) that the fingering starts earlier than the small Pe.
The coarsening, shielding and tip splitting are encountered more often for large Pe as compared
to the case of non-reactive and low Pe. The above observations have been reported by Nagatsu
and De Wit [13]. We see from the viscosity fields, see figure 3(d,i), that the viscosity minimum
(shown by dark blue) is not fully developed rather it covers a thin region around the fingers.
Furthermore, we notice that the reaction rate is larger at the tip which makes fingers to elongate
more in A-rich region.

The mixing lengths—length of the zone where the mixing occurs—of the solutions of A and
B for two reactive VF cases at Da = 1 and Da = 4 (solid and dashed lines), and non-reactive
(dot-dashed line) VF case are shown in figure 4. For small Pe, the instability starts earlier, and
the onset time decreases with increasing Da. Therefore, the reactive VF is always more unstable
than that of the non-reactive VF at early time. As seen from figure 4(a) that, in contrast to
the non-reactive case (red solid line), the mixing length of A for reactive case (green and blue
solid lines) first increases rapidly until a maximum value and then decreases. For large Pe,
see figure 4(b), the mixing length of A and B both increases in time for the reactive and the
non-reactive cases. It is seen that the mixing length of the reactive VF is always more than that
of the non-reactive case, which implies that at high Pe the reactive VF is more unstable than
that of the non-reactive one.

Conclusion: We numerically analysed the problem of reactive VF for various flow rates,
or in terms of control parameter, Pećlet number (Pe). We showed that at low Pećlet number,
the chemical reaction shows stabilising effect for a chemical species (A or B). In other words,
depending on the flow rate (Pe), the chemical reaction may enhance or suppress fingering in-
stability. This stabilisation at low Pećlet number has been shown to be related to the viscosity
minimum which is developed around the interface due to chemical reaction. The present results
agree qualitative with the experiments of Nagatsu et al. [15, 16].
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Figure 3: Reactive fingering at Rb = 2, Rc = −2 and Da = 1. The first figure in (a,h) and (b,i)
represents the initial concentrations of A and B respectively. Concentration fields A, B, C, µ and R for
(a–e) Pe = 100 at t = 10, 20, 30, 40 and (f–j) Pe = 1000 at t = 1, 3, 5, 10. Other parameters are Rc = −2,
Rb = 2 and Da = 1. In color-scale A and B are scaled between zero and one, C is scaled between zero
and half, and µ and the reaction R = Daab are shown in their absolute values.
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Figure 4: Temporal evolution of mixing lengths of A and B for (a) Pe = 100, and (b) Pe = 1000. For
Da 6= 0, solid and dashed lines denote the mixing length of A and B, respectively. Green: Da = 1, Blue:
Da = 4, Red: Da = 0 (non-reactive).

4 Perspectives for future collaboration between units

First problem ‘on the precipitation fingering’ has already been published in an international
journal [19]. Second problem, which deals with the reactive viscous fingering, is ongoing. We
shall submit our manuscript toan international journal, shortly. In future, we would like to
study nonlinear dynamics of fingering patterns arising due to an interplay between viscous
and precipitation driven fingering. We are also interested in linear stability analysis of these
problems. There is a lot of scope for collaboration as both units, host (NLPC at ULB) and home
(Dept. of Mathematics, IITM) departments, have interdisciplinary vision [12]. The beneficiary
(Dr. Shukla) has recently formed a research group inclined on fluid mechanics problems. During
postdoctoral stay, the beneficiary has gained simulation skills which certainly will be helpful in
validating experimental results on Hele-Shaw cell carried out at ULB (De Wit’s lab) and other
institutions. One such collaborative research already appeared in Physical Review E [19]. This
gives a positive signal for future collaboration between units.

5 Valorisation/Diffusion (including Publications, Conferences,

Seminars, Missions abroad...

1. Fingering dynamics driven by a precipitation reaction: Nonlinear simulations, Shukla P.
& De Wit A., Phys. Rev. E, 93, pp. 023103, 2016 [19].

2. Fingering instability driven by a simple precipitation reaction, Shukla P. & Wit De A.,
IUTAM Symposium on Multiphase flows with phase change challenges and opportunities,
Hyderabad, India. Dec. 8–11, 2014.

6 Skills/Added value transferred to home institution abroad

Added value transferred to home institution is to develop contact with european research and
european collaborator of De Wit’s group within the ESA Topical Team in which the project
is performed. Skills transferred to beneficiary, as well as home institution, are to carry out
nonlinear simulations of chemo-hydrodynamic systems. Moreover, the skills developed during
postdoctoral stay enabled the beneficiary to start own independent research group on fluid
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mechanics, mostly dealing with hydrodynamic instabilities, at home institution (IITM). Clearly,
this independent research group is added value to the home institution (IITM). Furthermore, the
beneficiary has gained knowledge that there are already existing independent research groups
(for instance Prof. S. Pushpavanam, Chemical Engineering Department at IIT Madras) working
on chemo-hydrodynamic systems (research theme of the fellowship). Thus, the beneficiary’s
research group, which is also focused on chemo-hydrodynamic systems, will strengthen (value-
added) research on chemo-hydrodynamics at home institute.
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